Abstract. We obtain topological restrictions on Maslov classes of monotone Lagrangian submanifolds of C n . We also construct families of new examples of monotone Lagrangian submanifolds, which show that the restrictions on Maslov classes are sharp in certain cases.
Introduction
Let L be a closed smooth Lagrangian submanifold of C n with the standard symplectic structure. It is important to know what its minimal Maslov number N can be. The famous (monotone) Audin conjecture says the following Conjecture 1.1. Any (monotone) Lagrangian torus in C n has minimal Maslov number N = 2.
In the monotone case this conjecture was proved by Oh [14] when n ≤ 24, by Buhovsky [1] , Fukaya-Oh-Ohta-Ono [7] , and Damian [6] . In the general case it was proved by Cieliebak-Mohnke [4] and recently by Irie [8] using very different approaches. It confirms certain rigidity of Lagrangian embeddings into complex vector spaces. Not limited to the torus case, there are various restrictions on the Maslov class coming from the Floer theory. One of them is given by Oh's spectral sequence between the singular cohomology of L and the Floer cohomology of L, where the later vanishes. As an application Oh proved the following two theorems: The above theorems use the group structure of the Floer cohomology. The quantum product structure of the Floer cohomology was used in [1] and [7] to solve the monotone Audin conjecture. Also, many interesting results on Lagrangian intersection theory are proved in [3] by considering the product structure.
We prove the following two theorems using the algebraic structure of the Floer cohomology spectral sequence. If we assume p = q, then we get a stronger conclusion. Note that the case p = 2 corresponds to the monotone Audin conjecture, hence the above restrictions on the Maslov class can be regarded as an analogue of the monotone Audin conjecture about product of spheres.
On the other hand, one can ask whether these restrictions on the Maslov class are sharp. To answer this question we study certain monotone Lagrangian embeddings to provide families of explicit examples. These examples are motivated by the work [16] of the first author, where he uses the technique of toric topology to construct explicit examples of monotone Lagrangian submanifolds. Let us denote by gcd(p, q) the greatest common divisor of p and q. Theorem 1.6. For any even numbers k, p, n such that 0 ≤ k ≤ p − 1, k > 2p − n, 3 ≤ p ≤ n − 3 we have a monotone Lagrangian embedding of S p−1 × S n−p−1 × T 2 into C n with minimal Maslov number N = gcd(p, n − p + k).
It is helpful to think that we have a family of monotone Lagrangian embeddings parameterized by k. The diffeo type of the images are independent of k and images are diffomorphic to S p−1 × S q−1 × T 2 . But the Maslov class depends on k. Hence we have much freedom to vary the Maslov class to produce different examples. Actually, our construction gives more Lagrangian submanifolds. In general our submanifolds are diffeomorphic to a fiber bundles over T 2 with product of spheres as fibers (see Theorem 3.4) . The examples stated above correspond to the case of trivial fiber bundles.
In [18] 
And we constructed all such possibilities. We also remark that for a fixed even divisor N of p, our construction somtimes gives more than one monotone Lagrangian with minimal Maslov number N . So it is interesting to distinguish them by other invariants, or show they are the same in some sense.
Next we give some more constructions in a similar spirit. Theorem 1.9. For any odd integer n and even integer k such that 0 ≤ k ≤ n − 2, k > n−3 2 , n > 3, there is a monotone Lagrangian embedding of S n−2 × T 2 into C n with minimal Maslov number N = gcd(n − 1, 2k + 2).
By Theorem 1.5 the minimal Maslov number N of S n−2 × T 2 divides n − 1. Note that k is an even number and 2k + 2 ≡ 2 mod 4. So, we have the following two cases (see section 5):
(1) if n − 1 is divisible by 4 then all 4l + 2-type minimal Maslov numbers can be realized, (2) if n−1 ≡ 2 mod 4 then all minimal Maslov numbers can be realized except the largest one N = n − 1. In conculsion either "half of all" or "all but one" minimal Maslov numbers can be realized.
The third family of examples were constructed by the first author in [16] . Here we show that they realize all possible minimal Maslov numbers. 
The construction of our families of examples are explicit, which will be given in Section 3. One good thing is that these Lagrangian embeddings behave well with respect to the scaling operation of C n . Hence we can compactify C n to be CP n and get monotone Lagrangians in CP n .
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Preliminaries
Let C n be the complex vector space with the standard symplectic form ω and let L be a closed smooth Lagrangian submanifold. There are two homomorphisms on the relative homology group H 2 (C n , L; Z). The symplectic energy
and the Maslov index
The latter homomorphism is first defined on
for our examples. Hence we do not distinguish them and just use the homology group. We say L is monotone if I ω = cI µ for some positive constant c ∈ R. The minimal Maslov number N of L is the positive generator of the image of I µ (H 1 (L, Z)) ⊂ Z. If we assume that L is orientable then the image of I µ is contained in 2Z and the minimal Maslov number N is always a positive even number.
Local Floer cohomology.
We briefly describe the definition of the local Floer cohomology HF loc (L; Z 2 ) and how it relates to the classic Floer cohomology HF (L; Z 2 ) for a monotone Lagrangian in C n . We learn this from [14] and refer to it for more details.
Let L be a monotone Lagrangian submanifold in a symplectic manifold (X, ω) with minimal Maslov number N ≥ 2. The Floer cohomology HF (L; Z 2 ) is defined in [13] . Roughly speaking, one first picks a Hamiltonian diffeomorphism φ such that L intersects φ(L) transversally then counts holomorphic strips connecting intersection points. We will use the following two properties of it.
(1) It is invariant under Hamiltonian diffeomorphisms. That is, for any φ ∈ Ham(X, ω) we have HF (L;
Therefore when the ambient symplectic manifold is C n , then the Floer cohomology HF (L; Z 2 ) = {0} for any closed monotone Lagrangian with N ≥ 2. Although we already know this answer and we can still try to compute the Floer cohomology from the definition. Let U be a Weinstein neighborhood of L in C n and φ be a small Hamiltonian diffeomorphism such that φ(L) ⊂ U and L intersects φ(L) transversally. Then there are two types of holomorphic strips connecting intersection points: "small" trajectories and "big trajectories". The small ones come from holomorphic strips totally contained in U and the big ones are the remaining. Hence we have a decomposition of the Floer differential operator. Let (C, ∂) be the Floer complex that is generated by intersection points and ∂ be the differential counting holomorphic strips. In [14] the following theorem is proved: Theorem 2.1. With the same notations above we have that (1) ∂ = d+δ where d counts "small" trajectories and δ counts "big trajectories". (2) (C, d) also forms a complex and the resulting cohomology is called the local Floer cohomology HF (L; φ, U ;
, where the later is the singular cohmology or more precisely the Morse cohomology of L.
In practice we fix the Weinstein neighborhood U which is isomorphic to some disk bundle of the cotangent bundle π : Since our examples are just product of spheres one can find lots of perfect Morse functions on them. Now we assume that f is perfect, hence the complex (C, ∂) is equivalent to the complex (H(L; Z 2 ), δ). The degree of δ depends on the minimal Maslov number N . More specifically δ has the following decomposition
where δ l has degree 1 − N l. And the spectral sequence is obtained by using this filtration on degrees. Geometrically δ l is the contribution of such "big" trajectory that can be glued into a holomorphic disk of Maslov index N l. Note that the cohomology of the complex (H(L; Z 2 ), δ) is zero and the differential is related to the minimal Maslov number. One could use this complex to deduce restrictions on the Maslov class of L.
2.2.
Spectral sequences of the Floer algebra. Now we quickly describe how the quantum product structure comes into the above spectral sequence, referring to [1] and Chapter 6 in [7] for more details.
Let Z 2 [T ] be the polynomial ring with Z 2 coefficient. By monotonicity the Floer cohomology of L can be defined over the ring Z 2 [T ], where deg(T ) = N . There is a quantum product structure
by counting holomorphic triangles, making the Floer groups into the Floer algebra.
In [1] and [7] it is proved that the spectral sequence is compatible with this quantum product. That is, every page of the spectral sequence is a Z 2 [T ]-module with a product structure induced from m 2 . Moreover if we only consider m 2 modulo T · Z 2 [T ] we get the usual cup product in singular cohomology. The cup product satisfies the Leibniz rule
for any differential δ l . The spectral sequence collapses after finitely many pages and it converges to the Floer cohomology of L.
Main theorems: the existence part
We call L Hamiltonian-minimal or H-minimal if it is a critical point of the volume functional under Hamiltonian deformations (all details can be found in [15] ). Mironov in [11] found a method for constructing Hamiltonian-minimal Lagrangian submanifolds of C n . See [10] for another point of view. In fact, we don't need H-minimality condition. We need only Mironov's method for constructing Lagrangian submanifolds. Let us first briefly describe Mironov's method. Let R be a k-dimensional submanifold of R n defined by the following system of equations
Since dimR = k, we can assume that the equations above are linearly independent and the integer vectors
are linearly independent. Let Γ be the matrix with columns
where (λ * , λ) is standard Euclidian product on R n−k . Let D Γ be the following group
Let us consider the quotient of
The action of D Γ is free, since it is free on the second factor. Hence, N is a smooth n-manifold. So, we have a well-defined map (3.5)
By ω H denote the 1-form ω(H, ·)| T L , where H is the mean curvature vector of N ⊂ C n with respect to the induced metric.
Theorem 3.1. ( [11] ). The map ψ is an immersion and the image is H-minimal Lagrangian. Moreover,
where β is the Lagrangian angle, ϕ i are coordinates on the torus as in (3.3).
Remark. To simplify our paper we are not giving the definition of the Lagrangian angle. Let us note that dβ = 1 π ω H (see [19] ). Also, it is proved in [5] that I µ = 1 π ω H , where I µ is the Maslov class.
As we noticed D Γ acts freely on T Γ . Therefore, the projection
onto the second factor is a fibre bundle with fibre R over (n − k)-dimensional torus T Γ /D Γ = T n−k . Let us denote by Z < γ 1 , ...., γ n > the set of integer linear combinations. Put δ = (δ 1 , ..., δ n−k ), where δ i are numbers from (3.1). For any u = (u 1 , ..., u n ) ∈ R we have a sublattice Let I ω be the symplectic area homomorphism of ψ(N ) ⊂ C n . We see from (3.4) that the forms dϕ 1 , ..., dϕ n−k are closed invariant forms, therefore they are elements of H 1 (N , R). The lattice of the torus T Γ /D Γ = T n−k is formed by generators of Λ * . Let ε 1 , ..., ε n−k be a basis for Λ * . Cycles e i = sε i are elements of H 1 (N , Z), where s ∈ [0, 2] and u 2 j = const for all j (see formula (3.4)). By ε ip denote the pth coordinate of ε i .
where δ p are defined by 3.1.
Theorem 3.4. The equation
, n > 3, k is even, n is odd and the construction described above defines a monotone Lagrangian embedding of
The minimal Maslov number is given by gcd{n − 1, 2k + 2}.
where R is defined by 3.10. System 3.10 is equivalent to
The second equation of the system above defines a cone over the product of two ellipsoids of dimensions p−1 and n−p−1. Intersecting it with ellipsoid of dimension n − 1 we obtain that R = S p−1 × S n−p−1 . As we can see from (3.10) the lattice Λ is generated by vectors γ 2 = (1, 0), γ 3 = (0, 1). The lattice Λ * is generated by
Let us note that Λ u = Λ for any u ∈ R. Hence, by Lemma 3.2 we have L = ψ(N (k, p, n)) ⊂ C n is an embedded submanifold. We have the fibration N → T 2 with fiber S p−1 × S n−p−1 and with transition maps
If k, p, n are even numbers, then (−u 1 cos φ − u 2 sin φ, u 1 sin φ − u 2 cos φ, ..., −u k−1 cos φ − u k sin φ, u k−1 sin φ − u k cos φ, −u k+1 cos φ − u k+2 sin φ, u k+1 sin φ − u k+2 cos φ, ...,
belongs to R for all φ. The expression above defines the isotopy between ε 2 | f iber and identity map. In the same way we can get an isotopy between ε 3 | f iber and identity map. We obtain that our fiber bundle is trivial.
If k, p, n are odd numbers, then
defines isotopy between ε 2 | f iber and
Similarly, ε 3 | f iber is isotopic to
Arguing in the same way we can study our fibration for any k, p, n.
We get that for a fixed p, n fibrations N (k, p, n) are isomorphic for all even k. Also, for a fixed p, n fibrations N (k, p, n) are isomorphic for all odd k.
We assumed that 3 ≤ p ≤ n − 3, hence R is simply connected. The exact sequence of the fibration says that π 1 (N (k, p, n) ) is isomorphic to π 1 (T 2 ). Note that there are curves σ 2 (t), σ 3 (t) such that σ 2 (0) = (u 1 , ..., u n , 0, 0), σ 2 (1) = (−u 1 , ...., −u p , u p+1 , ..., u n , 1, 0),
It is easy to see that loops σ 2 , σ 3 , π * σ 2 , π * σ 3 generate π 1 (N (k, p, n) ) and π 1 (T 2 ) respectively, where π : N (k, p, n) → T 2 is the fiber projection. Let us find the Maslov class and the symplectic area form. Consider cycles e 1 , e 2 defined by e 2 = sε 2 , e 3 = sε 3 , where s ∈ [0, 2]. We see that e 2 = 2σ 2 and e 3 = 2σ 3 in H 1 (N (k, p, n), Z). From Theorem 3.1 and Lemma 3.3 we have
And we get that ψ(N (k, p, n) is embedded monotone Lagrangian. Let us note that
are normal vectors to R at point u. Moreover v 1 (ε i u) = ε i v(u) for i = 2, 3. Hence the transition maps preserve the orientation of the normal bundle of R. Finally, if (3.11) changes the orientation of R n , then it changes the orientation of the tangent bundle. So, we obtain that if numbers k, p, n are even, then the fibration is trivial. If k, n are odd and p is even, then the fibration is orientable. In all other cases 3.11 changes the orientation of the tangent bundle of R.
Proof of Theorem 3.5
Arguing as in the previous Theorem we see that R defined by 3.12 is diffeomorphic to S n−2 × S 0 . In other words R is a disjoint union of two copies of S n−2 . The first copy corresponds to u n > 0 and the second copy corresponds to u n < 0.
The lattice Λ is generated by vectors γ 2 = (1, 0), γ 3 = (0, 1). The lattice Λ * is generated by ε 2 = (1, 0), ε 3 = (0, 1). We see that Λ u = Λ for any u ∈ R and from Lemma 3.2 we have that L = ψ(N ) ⊂ C n is an embedded submanifold. We have a fibration N → T 2 with fiber S n−2 × S 0 and with transition maps
Arguing as in the proof of Theorem 3.4 we prove that ε 2 | f iber is isotopic to identity map. Also, we see that ε 3 | f iber is isotopic to
We know that ε 2 is isotopic to identity map and we obtain that
We can think about N as (S n−2 × S 0 × S 1 ) × [0, 1] with glued boundaries (S n−2 × S 0 × S 1 ) × {0} and (S n−2 × S 0 × S 1 ) × {1} by map ε 3 . But ε 3 joins our disjoint copies. So, we get that N = S n−2 × T 2 . The exact sequence of our fibration has the form
Let us keep in mind that n > 3. Note that π 0 (R) is nontrivial, hence π 1 (N ) → π 1 (T 2 ) is not surjective. In the proof of Theorem 3.4 we considered e 3 = sε 3 , s ∈ [0, 2] and showed that e 3 = 2σ 3 . But we don't have the same in this Theorem. Indeed, S n−2 × S 0 is not connected and we can not construct a path g(t) ∈ π 1 (N ) such that g(0) = (u 1 , ..., u n−1 , u n , 0, 0)
for some (u 1 , ..., u n ) ∈ R. This means that e 3 is a primitive element in H 1 (N , Z). Let us consider e 2 = sε 2 , where s ∈ [0, 2]. As in the previous Theorem e 2 = 2σ 2 , where σ 2 ∈ H 1 (N , Z).
From Theorem 3.1 and Lemma 3.3 we see that
We obtain monotone embedded Lagrangian with minimal Maslov class N L = gcd{n − 1, 2k + 2}. 
Main theorems: the restriction part
In this section we deduce the restrictions on the Maslov class. 
Proof. Without loss generality we assume that p ≥ q. First we assume that q = 2. Case 1: p = q = 2. This is the case of Audin conjecture when the Lagrangian is a 4-torus, which was proved in [14] .
Case 2:
and
. We need to show that N = 2, 4. By Theorem 1.2 we just need to check that N = 6. If N = 6, then the Floer operator has degree 1 − 6l. We see that there is no nontrivial term to cancel H 3 . But the Floer cohology vanishes and we get a contradiction.
Case 3: p ≥ 6, q = 2. The Morse cohomology of L = S p−1 × T 3 is "separated" as follows:
and H * = 0 for other degrees. We need to show that N divides p. We assumed that p is even and if N = 2, then there is nothing to prove. Suppose that N = 2. We consider possible terms to cancel H p . The possible terms to cancel H p have the form H p+1−N l . Since p + 1 − N l is an odd number and H 3 is 1-dimensional we have that the only nontrivial case is p + 1 − N l = 1. We get that N divides p.
Let us assume that q ≥ 4.
is "separated" as follows:
and H * = 0 for other degrees. We need to show that N divides q or q + 2. We assumed that q is an even number. Then the Floer operator sends H q to 0 or H 1 . If H r goes to H q , then r + 1 − N l = q or equivalently r = q − 1 + N l. So, r = q + 1, q + 3, or 2q + 1.
If for all l we have q + 1 − N l = 1, then there must be r such that r = q − 1 + N l because the Floer spectral sequence vanishes. In other words δ l (H q ) = 0 for all l, then δ l (H r ) = H q . If r = q + 1, q + 3, then N = 2, 4 respectively. Hence, N divides q or q + 2. If r = 2q + 1, then N l = q + 2 and N divides q + 2.
If for some l we have that δ l (H q ) ⊂ H 1 , then q + 1 − N l = 1 and N l = q. Therefore, N divides q.
Case 5: p − 4 ≥ q ≥ 4. Under this assumption the Morse cohomology of S p−1 × S q−1 × T 2 is "separated" as follows:
and H * = 0 for other degrees. Without loss of generality we can assume that N > 2. As in the previous case we have that δ l (H q ) = 0 or δ l (H q ) ⊂ H 1 for any l because q is even and
Assume that δ l (H q ) = 0 for all l. The Floer spectral sequence vanishes and this means that there exists r such that
and H p+1 are equal to 1. So, they can not kill H q . Also, we don't have positive integers
Finally, we obtain that N has to divide p or q.
The above restrictions are obtained by a dimension comparison method. Next we look at the algebra structure to get more restrictions when p = q. Recall that Theorem 1.2.2 in [3] proves that for a displaceable monotone Lagrangian submanifold L, if its singular cohomology is generated by elements with degree less than l as a ring, then its minimal Maslov number N ≤ l. In our setting the similar statement can be pushed further as follows: and N = p. The degree of the first differential δ 1 is 1 − N , hence δ 1 (e) = 0. If δ 1 (x) = e for some x, then deg(x) = N − 1, where N = 1, p by our assumptions. Therefore, x is a product of some generators of positive degrees. By the Leibniz rule we can check that δ 1 (x) has positive degree, hence is x is not the unit element. So e ∈ Kerδ 1 but e / ∈ Imδ 1 . We obtain that e is a non-zero element in the second page E 2 . Note that deg(δ 2 ) = 1 − 2N < −p − 1 so it annihilates all generators. We obtain that δ 2 ≡ 0 and the spectral sequences collapses at the second page. However we showed that E 2 has some non-zero element and this contradicts the displaceability of L. Proof. Let us first prove the second part of the Theorem. For a monotone La-
Let us prove the first part.
Let us take m ≤ m 0 and a monotone Lagrangian L = (S p−1 ) l × (S 1 ) m with minimal Maslov number N . The cohomology ring of L is generated by e, α 1 , ...,
, and e is the unit. The picture shows that the first box is generated by α 1 , ..., α m and their cup products, the second box is a zero box (because m ≤ m 0 ), the third containes β 1 , .., β l , the fourth box is generated by β 1 , .., β l , α 1 , ..., α m and their cup products. We know that p is even and if N = 2, then there is nothing to prove. Assume that N > 2. Then the degree of δ s is 1 − N s < −2 and this implies δ s (α i ) = 0 (because α i ∈ H 1 ). Also, from the picture above we see that for small s we have δ s (β i ) = 0 and from the Leibniz rule we have δ s (α i β j ) = δ s (α i ) β j + α i δ s (β j ) = 0. The previous relation works for small s and let us find the optimal s. There is a unique integer r such that p − rN ≥ m + 1 and p−(r+1)N ≤ m. By Lemma 4.2 we can assume that N ≤ p+2 2 . We see that δ 1 , ..., δ r send α i , β j and their cup products to 0, therefore differentials δ 1 = ... = δ r = 0 and
Let us consider differential δ r+1 . If deg δ r+1 = −p+1, then 1+(r+1)N = −p+1, N divides p, and there is nothing to prove. Assume that deg δ r+1 = −p + 1. Therefore δ r+1 (β j ) = e for all j. Arguing as in Lemma 4.2 and using Leibniz rule we obtain that e ∈ Kerδ r+1 but e / ∈ Imδ r+1 . If N does not divide p, then N ≥ m 0 so δ r+2 (β j ) = 0 for all j by degree reasons. More precisely, deg(δ r+2 (β j )) = p − (r + 2)N ≤ m − N ≤ m − m 0 ≤ 0 and the equality holds only for p = (r + 2)N . In other words, if equality holds, then N divides p. Since H * (L) is generated by {e, α 1 , · · · , α m , β 1 , · · · , β l } the differential δ r ≡ 0 for all r ≥ r + 2 by degree reasons. Hence the spectral sequence collapses at E r+2 page with a non-zero element. But the Floer cohomology is trivial because L is displaceable. We get the contradiction.
In the above theorem the condition m ≤ m 0 is artificial and we need it for technical reasons. It is not always optimal for a particular p. For example, if p = 10, then m 0 = 4. However one can directly check that the same conclusion of the theorem works for (S 9 ) l × (S 1 ) m=5 for any l. We just use this condition to formulate a universal statement for all p and hope to drop it somehow Technically, this condition is used to prove that there is only one non-zero differential δ r+1 . If we suppose weaker conditions and assume that there are multiple non-zero differentials, then we will need to work with multiple pages. In general, pages are nontrivial quotient of previous pages and we can only use a Z n -grading if we do not involve Novikov parameters. Nonetheless, many examples show that the spectral sequence is totally determined by the "generating set" of the singular cohomology in the following sense: Definition 4.4. Let L be a closed smooth manifold. A generating set of L is a finite set of integers {0, k 1 , ..., k s , } such that the singular cohomology of L is generated by H 0 (L; Z 2 ), H k1 (L; Z 2 ), ..., H ks (L; Z 2 ) with respect to the (usual) cup product.
Then we have an analogue for the monotone Audin conjecture for any closed manifolds. Note that Theorem 1.2.2 in [3] says that we only need to consider integers that are less than or equal to the maximal k i + 1.
Let us finish the proof of the restriction parts. Note that the following example also agrees with Conjecture 4.5.
as a monotone Lagrangian submanifold with minimal Maslov number N , where p is an even number and p > 2. Then p is divisible by N .
Proof. Morse cohomologies of L are
The Floer operator has degree 1 − N l. There should be a group to cancel H 3p−1 . Note that 3p−1+1−N l = 3p−N l is an even number because N is even. Comparing dimensions we see that H 3p−1 can be canceled only when 3p − N l = 2p. Hence, N l = p. This means that N divides p.
We remark that the existence is guaranteed by Theorem 3.6.
5. Some explicit examples of monotone submanifolds of C n In this section we take a look at certain families of examples. In particular we provide the proof for Corollary 1.7. Let us assume that k, p, n are even numbers. Theorem 3.4 says that if n > 2p, then k can be equal to any number between 0 and p − 1 and N L = gcd{p, n − p + k}. The following lemma says that if n > 2p, then varying k we can get any divisor of p as a gcd{p, n − p + k}. Let D p be the set of positive even divisors of p. We first prove an identity between sets.
Lemma 5.1. With the above notations and q = n − p, we have that
Proof. We just need to check that the right hand side is contained in the left hand side. Assume that d ∈ D p , dl = p, l ∈ 2Z ≥0 . Then there exists a unique integer m such that d(ml + 1) ≥ q and d(ml − l + 1) < q. If we take k = d(ml Next we look at our second family of examples and spell out the possible minimal Maslov numbers. Lemma 5.3. Let n be an odd integer greater that 3. The set
contains all divisors of n − 1 that are congruent to 2 modulo 4 and are less than n − 1.
Proof. Note that
Then there are two cases to study.
(1) If n − 1 ≡ 0 mod 4, then n − 1 + d ≡ 2 mod 4 and n − 1 < n − 1 + d = 2k + 2 ≤ 2n − 2 for some k. Hence d is inside the above set. (2) If n − 1 ≡ 2 mod 4, then dl = n − 1 for an odd number l ≥ 3. Hence n−1 < n−1+2d = 2k+2 ≤ 2n−2 for some k and gcd(n−1, n−1+2d) = d. The divisor d is in the above set.
Theorem 3.5 says that either "half" or "almost all" possible minimal Maslov numbers can be realized. In this section we discuss how to construct monotone Lagrangian submanifolds of CP n . The idea is to embed the Lagrangians into a large C n chart of CP n then varying the monotonicity constant get monotone Lagrangians in CP n . We focus on the case of S p−1 × S n−p−1 × T 2 and other cases can be done similarly. Note that similar examples are constructed in [9] . First, let us mention a Theorem proved in [5] . Let (M, ω) be a Kahler-Eistein manifold with symplectic form ω and with scalar curvature R. Let L be a Lagrangian submanifold and H be its mean curvature. Let us consider a map F : (D 2 , S 1 ) → (M, L). Then we have (6.1)
where c 1 is the first Chern class of M , I µ and I ω are the Maslov class and the symplectic area form respectively. We consider CP n = {Z = [Z 0 : ... : Z n ] ∈ C n+1 \{0}}/{Z ∼ cZ, c ∈ C * } with the Fubini-Study metric. Assume that U 0 = {Z 0 = 0} ≈ C n , z i = Z i /Z 0 , and z = (z 1 , ..., z n ). The Fubini-Study form on U 0 is defined in the following way:
where |z| 2 = |z 1 | 2 + ... + |z n | 2 , and i, j = 1, ..., n. If z 2 = ... = z n = 0, then we get CP 1 − {pt} and direct computations show that
In section 3 we constructed monotone embeddings of S p−1 × S n−p−1 × T 2 into C n . We can compactify C n to get CP n . Also, we can vary the right-hand sides of 3.10 and get monotone submanifolds of CP n . Let us consider the following equation: In the same way using example 4 from [16] we can get the following Theorem: Theorem 6.2. There exists an embedding of (5#(S 2p−1 ×S 3p−2 ))×T 3 into CP 5p as a monotone Lagrangian submanifold with minimal Maslov number gcd(d, 10p + 2), where d is an arbitrary even divisor of p.
We constructed many monotone Lagrangian submanifolds of CP n . It would be interesting to study their Floer cohomology in CP n to find out whether they are displaceable. Another interesting direction is that we can apply Biran's circle bundle construction (see [2] ) to our examples to produce more monotone Lagrangians in the projective space of any dimension. On the other hand, there are lots of known monotone Lagrangians in CP n by Biran's circle bundle construction, which are also sphere bundles topologically. So one can try to distinguish them up to Hamiltonian isotopy. The good thing is the Maslov classes of our examples are explicitly known.
